Objectiv:

(@)
-
)
O
s
1)
1
-

ise and extend some important concepts and techniques
its 1 & 2 that will be built on in Units 3 & 4.

oduce the notation that will be used throughout the rest of the book.
ch of it before and this will serve as revision. The language introduced
express important mathematical ideas precisely. Initially they may
abstract, but later in the book you will find them used more and more in

2 to 4 we study different families of functions and their graphs. We revise
t ormations of the plane in Chapter 2, and then study polynomial functions in Chapter 3
and trigonometric functions in Chapter 4.

Sample Final Pages « Cambridge University Press © Evans, et al. 2019 « 978-1-108-45164-2 « Ph 03 8671 1400




2 Chapter 1: Functions and relations

1A Set notation and sets of numbers

» Set notation

Set notation is used widely in mathematics and in this book where appropriate. This section
summarises all of the set notation you will need.

m A set is a collection of objects.

m The objects that are in the set are known as ents or members of the set.
m If xis an element of a set A, we write x

set A’ or ‘x belongs to A’ or ‘xisin A’.

€ AN Bif and only if x
e no elements in comm S and B are disjoint, and write

B

Explanation
The elements 3 and 7 are common to sets A and B.

B={1,2,3,4,5,6,7} The set A U B contains all elements that belong to A

or B (or both).
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1A Set notation and sets of numbers 3

» Sets of numbers

We begin by recalling that the elements of {1,2,3,4,...} are called natural numbers, and
the elements of {...,-2,-1,0,1,2,...} are called integers.

The numbers of the form E, with p and ¢ integers, g # 0, are called rational numbers.
q

The real numbers which are not rational are called irrational (e.g. 7w and \V2).

The rationals may be characterised as being tho al numbers that can be written as a

terminating or recurring decimal.

m The set of real numbers will be denoted b
m The set of rational numbers will be denoted b
m The set of integers will be de
]

The set of natural numbers

o describe a set of real numbers by specifying which numbers are
is using set difference.

\ {1} is the set of all real numbers excluding 1

m I\ {5, 7} is the set of all natural numbers excluding 5 and 7.
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4 Chapter 1: Functions and relations

Interval notation

Among the most important subsets of R are the intervals. The following is an exhaustive list
of the various types of intervals and the standard notation for them. We suppose that a and b
are real numbers with a < b.

(a,b)={x:a<x<b} [a,b] ={x:a<x<b}

{
(a,b] ={
{
{

x:a<x<b}

(a,00) ={x:a<x}

(—oo,b)={x:x<b}

IMustrate each of the folle nter f real ers:
a [-2,3] b d (-2,4)

Solution

t A U B contains the elements that are in A or in B (or in both).
difference The set A \ B contains the elements of A that are not in B.

ets A and B have no elements in common, we say A and B are disjoint and write
N B = @. The set @ is called the empty set.
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1A 1A Set notation and sets of numbers 5

m Sets of numbers:
e Real numbers: R e Rational numbers: Q
o Integers: Z e Natural numbers: N
m For real numbers a and b with a < b, we can consider the following intervals:
(a,b) ={x:a<x<b}

(a,bl={x:a<x<b}

[a,b] ={x:a<x<b}

(a,0)={x:a<x}
(—co,b)={x:x<b}

Exercise NI

1 ForA={3,8,11
a AnB

2

d X\Y
h (-3,8]nY

d Y\X

(i.e. [a, b], (a, b), etc.) to describe each of the

(x:-4<x<5) c {y:-V2<y<0}
e {x:x<-3} f RY
h {x:x>-2}
Desc of the following subsets of the real number line using the interval
tation [a, b), (a, b), etc.:
b
O O O
-4 -3-2-1 01 2 3 45 -4 3-2-1 01 2 3 45
c d
O
-4 3-2-1 01 2 3 45 -4 -3-2-1 01 2 3 45
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6 Chapter 1: Functions and relations 1A

7 llustrate each of the following intervals on a number line:
a (_33 2] b (_4’ 3) c (—OO, 3) d [_4’ _1] e [_43 00) f [_2’ 5)

8 For each of the following, use one number line on which to represent the sets:
a [-3,6], [2,4], [-3,6]N[2,4] b [-3,6], R\ [-3,6]
C [_23 00)’ (—OO’ 6]’ [_2’ 00) N (—00, 6] d (_8’ _2)’ R™ \ (_8, _2)

n

1B Identifying and describing s and functions

» Relations, domain and range

An ordered pair, denoted (x, y), 1 air of elements d y in which x is ¢

the first coordinate and y the

{(ey):y=x+

is the relatio

n the domain of a relation is not explicitly stated, it is understood to consist of all real

numbers for which the defining rule has meaning. For example:
® y = x? is assumed to have domain R

m y = /x is assumed to have domain [0, c0).
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1B Identifying and describing relations and functions 7

Example 3
(o— )

Sketch the graph of each of the following relations and state the domain and range of each:

o

ay=x b {(x,y):y<x+1}

c {(-2,-1),(-1,-1),(=1,1),(0, 1), (1, -1)} d x? +y2 =1

e 2x+3y=6, x>0 f y=2x-1, xe[-1,2]
Solution

2 y

-

1/ > X

0 / 0
Domain = Domain = R ange
d v
}— X
1
-1

Domain = [-1,1]; Range =[-1,1]

omain = {2, —150, 1}

Range = {-1, 1}
f y
ey
) / > X
-1
(-1.-3) /
omain = [0, c0); Range = (—o0,2] Domain = [-1,2]; Range = [-3,3]
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8 Chapter 1: Functions and relations

» Functions

A function is a relation such that for each x-value there is only one corresponding y-value.
This means that, if (a, ) and (a, ¢) are ordered pairs of a function, then b = c. In other words,
a function cannot contain two different ordered pairs with the same first coordinate.

Example 4

a S ={(-3,-4),(-1,-1),(=6,7),(1,5)}

Solution
a S is a function, because for e

b T is not a function, because t
ordered pairs (—4, 1) ane

is not a function y = x? is a function

Functions denoted by lowercase letters such as f, g, h.

en for each x in the domain of f there is a unique element y in the range
hat (x,y) € f. The element y is called ‘the image of x under f or ‘the value of f at x’,

and lement x is called ‘a pre-image of y’.

(x,y) € f, the element y is determined by x, and so we also use the notation f(x), read as
‘f of x°, in place of y.

For example, instead of y = 2x + 1 we can write f(x) = 2x + 1. Then f(5) means the y-value
obtained when x = 5. Therefore f(5) =2x5+1=11.
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1B Identifying and describing relations and functions 9

By incorporating this notation, we have an alternative way of writing functions:

m For the function with rule y = x? and domain R, we write f(x) = x%, x € R.

m For the function with rule y = 2x — 1 and domain [0, 4], we write f(x) = 2x — 1, x € [0,4].
If the domain is R, we often just write the rule. For example: f(x) = x°.

With this notation for functions, the domain of f is

b5 sting the TI-Nspire CX non-CAS

=== | m Use > Actions > Define to define
function f(x) = 4x — 3.

m To find the value of f(-3), type f(—3)

followed by (enter).
m To evaluate f(1), f(2

£({1,2,3}) followe F

),

-
Using the

adjust the Table Settings.
he x-values to start at —3 and

@)
ect Table (F6). Use the cursor keys to move
around the table.
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10  Chapter 1: Functions and relations

For f(x) = 2x” + x, find:

a f(3) b f(-2) c fx-1)
Solution
a f3)=203)+3 b f(-2)=2(-2) c fx-—D=2x-1)¢+(x-1)

:2]_ :6

Example 6
(o— )

For g(x) = 32> + 1:
a Find g(-2) and g(4)
b Express each the £ 0 terms o

=20 - 2x+ D)+ x-—
=2 -3x+1

i g(-2x) x—2) iii g(x+2) iv

Solution

ii +1
=3(x*—4x+4)+1
=32 - 12x+ 13

)2 +1

=3x*+1

g(x%)
=3 +4x+4)+1
=32+ 12x+ 13

y f 2x —4 forall x e R.

f(). b For what values of 7 is f(r) = t?
x? d Find the pre-image of 6.

 f(=

b fin=t
2t—4 =t
t-4=0

t=4

f(x) = x d f(x)=6

2x—4>x 2x—4=6
x—-4>0 x=5

x>4 Thus 5 is the pre-image of 6.
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1B Identifying and describing relations and functions 11

(1 .
(2| Using the TI-Nspire CX non-CAS
1| m Use > Actions > Define to define the

1.1

function f(x) = 2x — 4. A T
m Find f(2) and f(-1) as shown. Afz1 ) fo-¢}
= Use > Algebra > Numerical Solve to nSolva(d=ts) <

solve the equations f(¢) = t and f(x) = 6. adatvalrbd=s:) &

-
Using the Casio

To solve equations invi

N

-Matrix mode.
by going to
IveN (F5).

= 0and f(x) = x can be

- Q
g(x) h(x)
A
different functions, even though they each have the same rule. They are different
use they are defined for different domains.
We call g and & restrictions of f, since their domains are subsets of the domain of f.
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12 Chapter 1: Functions and relations

Example 8
=== | For each of the following, sketch the graph and state the range:

a f(x)=2x-4, xe[-2,4] b g(x)=x% xe(-1,2]
Solution
a y
A
/(4, 4)
ol/2 =X
/—4
(-2,-8)
Range =[-8, 4]

on-CAS
d with the

m (F3)if requlred

o label key points on the graph, use the
ve menu (SHIFT) (F5).

: When defining a restricted function,

always use square brackets to specify the
domain (not round brackets).

\_ J
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1B 1B Identifying and describing relations and functions 13

Section summary

= A relation is a set of ordered pairs.
o The set of all the first coordinates of the ordered pairs is called the domain.
e The set of all the second coordinates of the ordered pairs is called the range.

= Some relations may be defined by a rule relating the elements in the domain to their
corresponding elements in the range: for ex e, {(x,y):y=x+1, x>0}

= A function is a relation such that for ea e is only one corresponding
y-value.

m Vertical-line test If a vertical line can be

m For an ordered pair (x,y) of
that y is the value of f at

Skillshe State
0
1

t
s:
\
o

main and range for the by each of the following E

T T > X
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14 Chapter 1: Functions and relations 1B

2 Sketch a graph of each of the following relations and state its domain and range: H
ay=x>+1 b x>+y*=9 c 3x+12y=24, x>0
d y=V2x e y=5-x,0<x<5 fy=x>+2, xe€[0,4]
g y=3x-2,-1<x<2 hy=4-4 i {(x,y):y<1-x}

3 Which of the following relations are functions? State the domain and range for each.

a {(_1’ 1)’ (_1’ 2)’ (]-’ 2)’ (3’ 4)9 (29 3)} (_2’ 0)’ (_]-’ _1)’ (0’ 3)’ (]-’ 5)’ (2’ 4)%

C {(_1’ 1)’ (_la Z)a (_2’ _2)’ (2’ 4)’ (4’

4 Each of the following is the graph of a re
a y b

on the right. Y
1 specify the range

|
_ZQ > X

i g(x-2) iii g(x+2) iv g(x?)

Example 7 onsider the function f(x) = 2x — 3. Find:
a the image of 3 b the pre-image of 11
¢ the value of x such that f(x) = 4x d the values of x such that f(x) > x
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1B 1B Identifying and describing relations and functions 15

10 Consider the functions g(x) = 6x + 7 and h(x) = 3x — 2. Determine the values of x such H
that:

a g(x) =hx) b g(x) > h(x) c h(ix)=0

11 Sketch the graph of each of the following and state the range of each:
ay=x+1,x>2
cy=2x+1, x>-4
e y=x+1, x€(-00,3]

g y=-3x-1, xe[-5-1]

12  For f(x) = 2x*> —6x + 1 and g(x) = 3 — 2x:
a Evaluate f(2), f(-3) an
c Express the followi

i f(a)

v f(5-

termine the values of x such that:

fx)=x
e f(x)>x
f(=a) in terms of a f f(a?) in terms of a
1 For g(x) = 3x — 2, determine the values uch that:

a gx)=4 b gx)>4 c glx)=a
1
=4 f — =6
. 8(x)

16 e following if f(3) = 3, where:
b f(x)=x>-k c fx)=x>+kx+1

e f(x)=kx? f f(x)=1-kx?

x for which the given functions have the given value:
1
fx) =2 bf(X)=;, fx)=5

=9 df(x):x+£, fx)=2

J) =@+ Dx=-2), f(x)=0
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16 Chapter 1: Functions and relations

1C Implied domains and types of functions

» Implied domains

If the domain of a function is not specified, then the domain is the largest subset of R for
which the rule is defined; this is called the implied domain or the maximal domain.

Thus, for the function f(x) = v/x, the implied domai
f(0) = Vx, x € [0, 00)

is [0, 00). We write:

Example 9

a fo=2x-3 b f

Solution
a f(x)=2x-3i

ie. for x2
is [0,

d the implied domain of the functions he following rules:

2
x)=2x_3 b g(x)=vV5-x
c h(x)=Vx-5+ d f(x)=Vx2-Tx+12

X =Tx+12>0

is equivalent to
x=3)(x-4)>0

Thus f(x) is defined when x > 4 or x < 3.
The implied domain is (—co, 3] U [4, o). ol 1

N
(%)

A(
[
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1C Implied domains and types of functions 17

» Piecewise-defined functions

Functions which have different rules for different subsets of their domain are called
piecewise-defined functions. They are also known as hybrid functions.

Example 11
(c— )

a Sketch the graph of the function f given by:

—x—1 forx<0
fx)=4¢2x—-1 for0<x<1

x+s5 forx>1

b State the range of f.

Solution
a

S

Function L
Humber of function pleces E it .
ot - -r—n-lig- 7 S o o .\lll,.,,,,,:,:,lﬁ.
iclﬂf'_ll ==-1, x<0 |
— 2-x=1, 0Sxsl
10 S e [
t :*:1-—,51&
-nae ] 2 2 gerq

\_
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18  Chapter 1: Functions and relations

(. .
Using the Casio
® Press to select Graph mode.

= Enter the firstrule,y = —x — 1 forx < 0, in Y'1:

@) CTxIE]E] )
(SHIFT) (+) (&) (0] (HIFT) (=) (Ex8)

= Enter the second and third rules in Y2 and
as shown.

m Select Draw (F6) to view the graph. A
View Window if required.

Note: The syntax for entering
restricted domain is:

Sfunction rule, [sta

the property that f(—x) = f(x). The
ion is symmetrical about the y-axis.

= f(x) -1

The properties of odd and even functions often facilitate the sketching of graphs.
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1C 1C Implied domains and types of functions 19

State whether each function is odd or even or neither:

a f(x)=x*+7 b f(x)=x*+x? C f(x)=-2x3+7
d f(x)=l e f(x)=L f f=x+x+x
X x-=3

Solution

a f(-a)=(-a)* +7 b f(-a) C f(-)=-2(-1°+7=
4T but f(1)= —2+7=5
- f@) _ and —£(1) = -5

The function is even.

1
d f(_a):—_a

The function is neither
even nor odd.

Each of the following is the rule of a function. In each case, write down the implied
domain and the range.

ay=3x+2 by=x>-2 c fO)=V9-x2 d gx) = !

x—1
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20  Chapter 1: Functions and relations 1C

3 Find the implied domain for each of the following rules: H
af(x)zxi3 b f(x)=vVx2-3 c g(x)=Vx2+3
2 _
d h(x)= Vi—4+ 11—xef(x):’;—+11 fh)=V@—x-2
1 X —
- - i —vr_32
g flx)= GiDE2) h h(x) i f(x) x—3x

j h(x)=V25-x2 k f(x)

4 a Sketch the graph of the function

oraphs, state the domain and range of the functi

b

4,5)

3
N
5 »
(-5, -4)

ph of the function

XX+5 x>0
gx)=35-x, -3<x<0
8, x< -3

b State the range of g.
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1C 1D Combining functions 21

8 Given that
1
- x>3
fx)=49%
2x, x<3
find:
a f(-4) b f(0) c f4)

d f(a+3)interms of a e f(Ra)in f f(a-3)interms of a

9 Specify the function illustrated by the

en or neither:
c f(x)=—-4x+7x

f f(x)=3+2x

i f)=x*+x2+2

bine two functions to form a new function, by taking
vosition. This enables us to consider quite complicated

ain of f is denoted by dom f and the domain of g by dom g. Let f and g be
uch that dom f N dom g # @. The sum, f + g, and the product, fg, as functions
om f N dom g are defined by

(f +9)(x) = f(x) + g(x) and (fe)x) = f(x) g(x)

The domain of both f + g and fg is the intersection of the domains of f and g, i.e. the values
of x for which both f and g are defined.
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22  Chapter 1: Functions and relations

If f(x) = Vx—2 forall x > 2 and g(x) = V4 — x for all x < 4, find:
af+g b (f+9®3) c fg d (f9)3)

Solution
Note that dom f Ndom g = [2,4].

a (f+=fx)+gkx)
=Vx—-2+V4—x
dom(f + g) = [2.4]
¢ (fo) = f(x)gx)
=y(x-2)4

dom(fg) = [2,4]

VG=2a-3)

=1

dom f Ndomg N {

1 g(x) #£0} = (—00, 16).

x f O
bln=L2-_
V16 — x g() g 3

g gx) V16-x g gl 3
8y = 8 _ d&mn=82_2
P R fP= =7
8)_ —00
dom(?)—( L16]\ {0)
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1D Combining functions 23

» Composition of functions

A function may be considered to be similar to a E'INP Ur

machine for which the input (domain) is processed

to produce an output (range). For example, the

diagram on the right represents an ‘ f-machine’ J-machine :]_@ OUTPUT

where f(x) = 3x + 2. f3)=3x3+2=11

With many processes, more than one machine is required to produce an output.

Suppose an output is the result of one

function being applied after another.
For example: f(x) =3x+2
followed by ~ g(x) = x*

This is illustrated on the ri

A new function 4 is f
for his h(x) = Ba+ 2)

e have considered:
= g(f(x)
=gBx+2)

=Bx+

h(x)

In general, for functions t

domain of g

domain of f

g°f
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24 Chapter 1: Functions and relations

For the functions f(x) = 2x — 1 and g(x) = 342, find:

a f(g(x) b g(f(x)
c f(f(x) d g(g(x)
Solution

a f(gx) = f(3x%) (f(x) =g2x—-1)
=23x) -1

=6x*—1

c fUfx)=f2x-1)
=202x-1)-1

as the composition o

b h(x)= Va2

c h(x)=(x*-2)", neN
Choose f(x) = x> =2
and g(x) = x".

Then A(x) = g(f(x)).

Domain
+g)(x) = f(x) + g(x) dom(f+g)=domfnNndomg
2)(x) = f(x) - g(x) dom(f - g) = dom f Ndomg

j—r(x)=@ dom(i):domfﬂdomgﬂ{x:g(x);tO}
4 g(x) g
(go Hx)=g(f(x) dom(g o f) = dom fifran f C dom g
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1D 1D Combining functions 25

Exercise i

Skillsheet » 1 For each of the following, find (f + g)(x) and (fg)(x) and state the domain for both H
f+gand fg:
a f(x)=3xand g(x) = x+2
b f(x)=1-x*forall x € [-2,2] and g(x) =

c f(x)=+xand g(x) = % for x € [1,

2 for all x € R*

2

=(x) and state the ain

f

and fg, stating which

+1, glx) =2x+1
d f(x)=2x-1, g(x) = x*
f fx)=2x+1, g(x) = x?

2x—-1, g(x)=2x-3
e fx)=2x*+1, gx)=x-5

c f(h(2) d n(f(2)
g f(n0)

x and A(x) = 3x + 1, find:
c f(h(3)) d A(f3)

b h(x)=Vx*+3
x) = (x* = 2x)" where n € N d hx) = ﬁ
h(x) = (¥ = 2x)> = 2(x% = 2x) f h(x) =222 +172+1
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26  Chapter 1: Functions and relations

1E Power functions

We now consider functions with rules of the form f(x) = x", where r is a rational number.
These functions are called power functions.

In this section, we look at power functions with rules such as

1 1
fo=x" f@ =2 f) =, ¥, fo=x7 fx)=a3
You may like to investigate further by using y
3
complicated power functions with rules su 2,
» Increasing and decreasing functio

We say a function f is strictly in
if x, > x; implies f(x;) > f

gradient is strictly increasing.

0, is strictly increasing.

y=xZ
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1E Power functions 27

The function f(x) = x” where n is an odd positive integer

The graph has a similar shape to those shown below. The maximal domain is R and the
range is R.

Some properties of f(x) = x" where n is
an odd positive integer:
® fis an odd function
m fis strictly increasing
m f(0)=0, f(1)=1and f(-1) =-1
B as x — oo, f(x) — oo and

as x — —oo, f(x) = —oo.

The function f(x) =

The graph has a simi
range is [0, c0).

Some properties
an even positive i

[ maximal domain is R \ {0} and the range is R \ {0}
® fis an odd function

m there is a horizontal asymptote with equation y = 0

m there is a vertical asymptote with equation x = 0.
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Example 17
(o— )

1
For the function f with rule f(x) = —:
By

a State the maximal domain and the corresponding range.
b Evaluate each of the following:

i f@ i f2) il fd) v )
¢ Sketch the graph without using your calcula

Solution
a The maximal domain is R \ {0} and the r.

1

. 1
b |f(2)=§=3—2

fix) =~

(1, 1) /

> X
il
1

(_19 _1)
g(x) =3

1 1 1 1
Ifx > 1, then x° > x and so — > —. If0 < x<1,then x’ < xand so - < —.
x  x X x
X 11 X 11
If x<—-1,then x’ < xandso — < —. If -1 <x<0,then x> > xand so — > —.
x X3 x 23
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The function f(x) = x” where n is an even negative integer

Taking n = —2, we obtain y

1
f(x):x_zzg

The graph of this function is shown on the right.
The graphs of functions of this type are all similar
to this one.

In general, we consider the function f(x) =
where k = 2,4,6, ...

m the maximal domain R \ {0} and the range is

®m fis an even function
m there is a horizontal asymptote
]

there is a vertical asy

» The function f

Let a be a positi

1
That is, an is the
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Example 19
1 1
(=== | Consider the functions f(x) = x3 and g(x) = x2, x > 0.

a Find the values of x for which f(x) = g(x).

b Sketch the graphs of y = f(x) and y = g(x) on the one set of axes.

Solution

a fx) = g(x)

: (x2) > f(x1).
x1 implies f(x2) < f(xy).
here r is a rational number.
sger, the general shape of the
egative and whether # is even or odd:

Even negative Odd negative

f)=x7 f) =17

Odd positive
S =x

y Y Y
A A
X 0 X
0 b
1
unction f(x) = xn, where Even odd

integer, the general 1 1
f@) = a2 @) =3

e of the graph depends on whether
en or odd: y y

[
3 > X
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S ercise R

1
1 For the function f with rule f(x) = & H

a State the maximal domain and the corresponding range.

b Evaluate each of the following:
1@ i f(-2)
¢ Sketch the graph without using your

3) v f(-3)

2 For each of the following, state whethe on is odd, even or neither:
1
a f(x)=2x c f(x)=x5
1
d f@) =+ ff)=A

3 Letf(x)=x2x
a Find the va
b Sketch

4 Letf=

nd the v

f(x) and y = g(x) on the one set of axes.

4,x>0.
for which f(x) = g(x).
= f(x)and y = g(x) on » s,

lution of some problems.

s section we use function notation in
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Example 21
(— )

A rectangular piece of cardboard has dimensions
18 cm by 24 cm. Four squares each x cm

by x cm are cut from the corners. An open box is
formed by folding up the flaps.

Find a function V which gives the volume of th
box in terms of x, and state the domain of th

function.

Solution

nensions as shown.

d an area-of-the-rectangle function a

domain. 15 cm 15 cm

Solution

15 cm 15 cm

<<

< 2x—>»>
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In the diagram opposite, the triangle AY X is similar A
to the triangle ABD. Therefore
o_ 12—y Y— X
9" 12 T
12x
—=12- Y
9 Y l
12x
Loy = 12 — T . D
The area of the rectangle is A = 2xy, and s ==
cm—>
12
A(x) = 2x(12 - =)
9
24
=50
For the rectangle to be nee
x>0 and

4x

the function is given by —x), x€[0,9].

$4.00 up to and including 2 km. After a)
per kilometre. Find the function f which
escribes this method of payment and sketch the graph of y = f(x), where x is the

of an enclosure are shown. The ym
|| L
e for the area, A m?, of the enclosure in
terms of x. xm ] u
ate a suitable domain of the function A(x). 12m
¢ Sketch the graph of A against x. = -
d Find the maximum possible area of the enclosure 20 m

and state the corresponding values of x and y.
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1F

4 A cuboid tank is open at the top and the internal

4D

dimensions of its base are x m and 2x m. The height
is h m. The volume of the tank is V m> and the
volume is fixed. Let S m? denote the internal surface

hm

X m

area of the tank.

a Find S in terms of:

i xand h
ii Vandx

A rectangle ABCD is inscrib
Find an area-of-the-

[Example 22] 5

domain.

of C are (a, f(a)).

Find an expression for the area-of-

rectangle function A.
State the implied domain and range of A.

State the max value of A(x) for

r x € [0, 6].

can be described by

if0<t<c

bt+d ifc<t<e

Sketch the graph of S () against ¢.
c State the range of the function.
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Chapter summary

Relations
m A relation is a set of ordered pairs.

Dk,
(7]

m The domain is the set of all the first coordinates of the ordered pairs in the relation.

m The range is the set of all the second coordin f the ordered pairs in the relation.

Functions

m A function is a relation such that no two s in the relation have the same firs

coordinate.

(x,y) € f. The element y is ca
® When the domain of a fi

= () +g(x)
2)(x) = f(x) - g(x)

VPRC))
g(x)  g(x)

(g0 f)x) =g(f(x)

dom(g o f) = dom fifran f C domg

on f(x) = x", where n is a non-zero integer, the general shape of the
hether 7 is positive or negative and whether 7 is even or odd:

Odd positive Even negative Odd negative
f) =x° f)=x7 f)=x7
y y Y
A A A
0 * 0 *
0 o X
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1
m For a power function f(x) = xn, where n Even 0Odd

is a positive integer, the general shape of

[SIE
g
~~~
=
N—
Il
=
W=

f) =x

the graph depends on whether 7 is even
or odd:

Technology-free questi

1 Sketch the graph o
and range:

e f ing relations and state the.i

b f(x)=2x-6
e {(x,y):y<x-3}

x+3
2

by g(x) =

r each of the following:

b g(x) =

x2 -5

12 d h(x) = V25— x2

X)=Vx-5+VI5-x fh(x)=ﬁ

or f(x) = (x +2)% and g(x) = x — 3, find (f + g)(x) and (fg)(x).

7 Let f(x) = (x—1)*> for x € [1,5] and g(x) = 2x for x € R. Find f + g and fg.
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8 For f(x) = 2x + 3 and g(x) = —x?, find:

a (f+9x b (fg)(x) c the values of x such that (f + g)(x) =0
9 For f(x) = 2x + 3 and g(x) = —x°, find:

a f(gx) b g(f(x)) c g(gx) d f(f(x)

10 Express each of the following as the composi of two functions:

a h(x)=(x*- 1)% b h(x) =

c h(x)=

x2 -1

Multiple-choice questions
1 The maximal domain o
A (-0,6]

2 Let f(x) =—x
AR

3). The range of f is
C (—OO, O]

or the function with rule

2+5 x>3

the value of f(a + here a is a negative real number, is

—-a+3 D a*+ 14 E &> +8a+8

6 rule f(x) = x> + 2x — 6 for x € [-2,4) is
C (-6,18) D [0,6] E [-7,18)
2x+ 1

ain and range of f(x) =
X—

\ {2} B R\{l}, R\{-2} C R\{1}, R\{2}

RA{2}, RA{l} E R\{-2}, R\{-1}

8 ) = 3x% and g(x) = 2x + 1, then f(g(a)) is equal to
A 12a*+3 B 124>+ 12a+3 C 6a*>+1
D 6a’>+4 E 4a’ +4a+1
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9 Letf(x)=Vx+1,x>-1,and g(x) = V4 — x, x < 4. The domain of f + g is
A R B (—o0,-1) C (-1,4] D (-1,00) E [-4,1)

10 Let f(x) =5 — x for x € D. If the range of f is [-2, 3), then the domain D is
A [-7,2) B (2,7] CR D [-2,7) E [2,7)

11 The graphs of y = f(x) and y = g(x) are as
shown on the right.

Which one of the following best repr
the graph of y = f(g(x))?

lowing functions is strictly increasing on the interval (—oco, —1]?

1
B f(x)=x* C fx)=x5
E f(x)=—-x
. . -2 . .
For a function with rule y = ——— — 5, the maximal domain and range are
(x +3)3

A x#3,y+-5 B x+-5 y+-3 Cx+-3, y#-5
D x#-2, y+-5 Ex#-3 y#+5
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14 A function with rule f(x) = % can be defined on different domains. Which one of the
following does not give the correct range for the given domain?
A dom f =[-1,-0.5], ran f = [1, 16]
B dom f =[-0.5,0.5]\ {0}, ran f = [16, c0)
C dom f = (-0.5,0.5) \ {0}, ran f = (16, o)
D dom f =[-0.5,1]\ {0}, ran f = [1, 16]
E dom f =1[0.5,1), ran f = (1, 16]

Extended-response questions

1 Self-Travel, a car rental firm,
Method 1
Method 2 $89

a Write a rule fe

od if x kilometres per day ar
od 1 and C; using method 2.

using the same axes.

if method 2 is

as a function of:
b the altitude A.

1is x metres from the wall.

of x km/h. Define a function, S, which gives the average speed for the
a function of x.

inscribed in a sphere with a radius of
Define a function, V;, which gives the volume of

e cylinder as a function of its height, 4. (State
the rule and domain.)

b Define a function, V,, which gives the volume
of the cylinder as a function of the radius of the

- =—

cylinder, r. (State the rule and domain.) ‘
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7 A function f is defined as follows:

x> —4 forx € (—00,2)
f) =

X for x € [2, )

EE)

a Sketch the graph of f.
b Find the values of f(—1) and f(3).
c If h(x) = 2x, find f(h(x)) and A(f(x)).

8 Find the rule for the area, A(r), enclos

3x, 0<x<l1
f(x)={

3, x>1

. S(f(2)) and f(f(f(2))).
ii Find f(f(x)).

-3
tfx) = ;C-i-_l Find f(f(x)) and f(f(f(x))).
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